Introduction: Implementation Issue {#Sec1}
==================================

Those last years, several works have been dedicated to the (simultaneous) synthesis of choice-free Petri nets[1](#Fn1){ref-type="fn"}, among others \[[@CR1], [@CR3], [@CR8], [@CR9]\]. Since this means a loss in the expressive power, we may thus wonder why this class of systems could be especially interesting, besides the known structural properties of their behaviours.

The rather general class of weighted place-transition nets and systems is composed of places and transitions, as indicated by its name, together with weighted arcs between them. A place represents a type of resource; it may contain tokens representing the number of resources of that kind presently available; these (consumable) resources are considered interchangeable, at least as far as the control flow is concerned ("black" tokens), but they may carry some information that will be used (in a way not specified) by the transition that will absorb them. A transition needs some number (possibly zero) of tokens of each kind in order to be able to function, and then produces some (other) tokens. As such, those nets allow to model complex intertwined mixtures of sequences, exclusive choices and concurrency, hence exhibit an interesting expressive power.

But they may also serve as static specifications of systems to build. And a (finite) labelled transition system may serve as a behavioural specification, from which a (bounded) synthesised net system of some class may be built and then serves itself as a structural specification. However, here we may encounter some problems. Since those models allow to represent a concurrency feature between transition firings, a natural implementation strategy would be to build a system composed of data structures to model places and tokens, and parallel agents, one for each transition, interacting only through their competition to access their needed resources, one place at a time to obtain a fully distributed realisation. Note that, since memory resources are finite, we need to restrict our attention to bounded net systems and finite transition systems.

The structure of each implemented transition could then be sketched as follows:

       **repeat**

           check availability of needed resources

           if some are missing, retry after some time

           otherwise, collect the needed tokens

           process the action of the transition

                   (possibly using the hidden information of the black tokens)

           produce the output tokens

                   (possibly with adequate hidden information,

                   depending on the one of the used tokens.)

There are variants of this schema however; for instance, the production of the output tokens may be performed one by one during the action process, and not all together at the end of the processing.

However there is potentially a big problem with this procedure: between the checking phase and the collection phase, the situation may have changed, due to the parallel action of other transitions, and it may happen that the tokens which were available during the checking phase are no longer there! It may even be possible that this is only discovered in the middle of the collection phase, and that we need to "give back" the tokens that were absorbed during the beginning of the phase. This is illustrated by the system in Fig. [1](#Fig1){ref-type="fig"}.

We may partly avoid this problem by absorbing the remainder of the needed tokens whenever the transition discovers they have been produced, but it may still be necessary to give back the absorbed tokens if we observe that it takes too long to get the remaining ones, possibly meaning that we reached a deadlock.

It is possible to avoid this kind of problem by blocking in a critical section all the data structures implementing the places and tokens, in order to check and absorb the needed tokens without being bothered by the other transitions, relaxing the critical section to wait a bit if not all the needed tokens were present, or to start the process and produce phase. However, this seriously reduces the parallelism of the implementation, may lead to starvation problems, and is certainly not distributed in the way we searched for.

We may also slightly alleviate this technique by only blocking together the input places of the transition, by protecting each place separately by a critical section and nesting them while following a predefined ordering in order to avoid deadlocks. However, this still reduces the parallelism of the implementation, may still lead to starvation problems, needs that the transitions first agree on a common ordering of the places, and is again not distributed as expected.Fig. 1.A Petri net system, where transition *u* may see that all its needed tokens are present, but when it decides to take them, conflicting transitions $\documentclass[12pt]{minimal}
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These problems underpin the difficulties encountered when one tries to realise a distributed hardware implementation of Petri nets, as in \[[@CR13], [@CR18]\].

The problem we described disappears, whatever the marking, if the places are not shared, that is if each place has (at most) a single output transition (for instance, in Fig. [1](#Fig1){ref-type="fig"}, if transition *u* is dropped, or $\documentclass[12pt]{minimal}
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                \begin{document}$$t_2$$\end{document}$), which is the definition of choice-free nets (see also Fig. [2](#Fig2){ref-type="fig"} left, Fig. [5](#Fig5){ref-type="fig"} right, and many others in the following).

In that case, it is never necessary to give back some absorbed token(s), and it is even possible to fuse the check and collect phases, leading for each transition to a (parallel) procedure of the kind:

       **repeat**

           **for each** input place **do**

                  **while** the needed tokens are not present **do** wait for some time

           grab the needed tokens

           process the action of the transition and produce the output tokens

Of course, it is necessary to protect the data structures representing places, by semaphore-like devices \[[@CR11]\] or monitor-like devices \[[@CR12]\], in order to ensure that if many producers or the consumer and some producer(s) access the place, the result may be serialised (for instance, if two producers add one token in some common place, the result will be to add two tokens, and not a single one, the last addition wiping out the first one as it can happen in a -badly implemented- parallel system).

There is another class of nets, however, where a distributed implementation may be obtained whatever the initial marking: the join-free nets, where each transition has at most a single input place (called a simple-choice place), as illustrated on the right of Fig. [2](#Fig2){ref-type="fig"}. This is in some sense the reverse-dual of the choice-free case, since we have $\documentclass[12pt]{minimal}
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In an implementation, each transition simply has to check the number of tokens in its unique input place and grab the needed ones in one access[2](#Fn2){ref-type="fn"} if present (otherwise, one waits for some time before retrying). If the acquisition succeeded, one then processes the transition action and produces the output tokens, before retrying the whole cycle.

Let us now consider the case of free-choice nets \[[@CR10]\], or their extended and weighted version called equal conflict nets \[[@CR17]\] (see Appendix [A.2](#Sec9){ref-type="sec"} and Fig. [3](#Fig3){ref-type="fig"} left). Here, there possibly are conflicts but they may be solved freely. We may then define an equivalence $\documentclass[12pt]{minimal}
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                \begin{document}$$t\sim u \iff {}^\bullet t\cap {}^\bullet u\ne \emptyset $$\end{document}$ between transitions, and consider its equivalence classes, called clusters, i.e., the sets of transitions sharing their input places. In a distributed implementation, for each cluster, we may introduce a new process to check the availability of the needed resources (it behaves like in a choice-free net since its input places are not shared); when it works, it produces a single token in an intermediate place (with all the hidden information of the absorbed tokens, if any) which is simply shared by the transitions in the cluster, hence may be implemented as in a join-free net. We thus have a mixture of a choice-free net and a join-free one. This is illustrated in Fig. [3](#Fig3){ref-type="fig"}.Fig. 3.On the left: a cluster in an equal conflict net, with two places and three transitions. On the right, its transformation for implementation: the cluster behaves as a transition in a choice-free net, and the intermediate place *p* as a place in a join-free net.

Introduction: Persistence Issue {#Sec2}
===============================

A well-known \[[@CR16]\] feature of CF-systems is the persistence of their reachability graph, meaning that a label, once firable, remains firable forever till fired (see Appendix [A.1](#Sec8){ref-type="sec"}). Indeed, suppose that in the reachability graph of a choice-free net system there are a state *s* and two edge labels $\documentclass[12pt]{minimal}
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In a Petri net, a choice between *a* and *b* is indicated structurally by the presence of a place having both *a* and *b* as output transitions. In a transition system, on the other hand, a choice may be indicated by a branching state with two or more successor states. These two notions do not coincide however, as illustrated by Fig. [4](#Fig4){ref-type="fig"}.Fig. 4.Different kinds of branchings in an *lts*: choice (l.h.s.) and persistence (r.h.s.).

However, we may have a Petri net system with choice-places which nevertheless yields a persistent reachability graph. This is illustrated by Fig. [5](#Fig5){ref-type="fig"}. In the plain Petri net system $\documentclass[12pt]{minimal}
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This remark may be related to a rather general property.

Proposition 1 {#FPar1}
-------------

If a pure Petri net presents a choice-place, then there is an initial marking generating a non-persistent reachability graph. This is never the case for a choice-free net.

Proof {#FPar2}
-----

Let *p* be a choice-place in the considered Petri net and let $\documentclass[12pt]{minimal}
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If there is no choice-place, the argument given above is valid and all the reachable markings yield diamonds if they enable more than one transition. ![](501622_1_En_5_Figa_HTML.gif){#d30e1088}

If a choice-place presents side-conditions, the previous proposition may be wrong, as shown in Fig. [6](#Fig6){ref-type="fig"}: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ PN _4$$\end{document}$ is plain but has a choice place $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_1$$\end{document}$ and side conditions between the latter and *a*, *b*. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_1$$\end{document}$ gets a token, *a* and *b* will permanently be enabled, forming (a degenerate kind of) diamonds. However, this does not resist to a splitting of the conflicting transitions into a "check and gather" phase and a "process and produce" phase, as detailed in the previous section and illustrated by the pure Petri net $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ PN '_4$$\end{document}$ in the same figure. This does not happen with choice-free nets, where the split transforms the net into a pure one, still choice-free (or does not modify the net if we only apply the splitting to conflicting transitions). Fig. 6.A choice-place with side-conditions.

Simultaneous Choice-Free Synthesis: Preliminary Phase {#Sec3}
=====================================================

A generalisation of the synthesis problem, called the simultaneous synthesis problem, has been introduced in \[[@CR9]\]. It consists in considering several transition systems $\documentclass[12pt]{minimal}
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Fortunately, the simultaneous choice-free synthesis may be related to *m* separate standard but slightly augmented choice-free syntheses.
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Theorem 1 {#FPar3}
---------

\[[@CR9]\] A simultaneous choice-free synthesis problem is solvable if each of its augmented individual synthesis problems is, and the solution may be obtained easily by aggregating all those individual solutions. ![](501622_1_En_5_Figb_HTML.gif){#d30e1381}

Like for the classic choice-free synthesis problem (as well as many other targeted synthesis problems \[[@CR6]\]), the synthesis procedure may be separated into a pre-synthesis and a proper synthesis. The pre-synthesis allows to quickly check properties of the structure of the reachability graph(s), from the structure of the class of nets aimed for. If this fails, we avoid a lengthy computation of the places of a tentative solution, get a better intuition about the true causes of the failure, hence are able to produce better error messages.

For this first phase, a series of checks arising from the analysis of choice-free systems, has been elaborated in \[[@CR9]\], mainly based on the following observation \[[@CR16]\]:

Theorem 2 {#FPar4}
---------

In the reachability graph of a choice-free system, the Parikh vector of any small cycle (if any) is a minimal semiflow of the underlying net. ![](501622_1_En_5_Figc_HTML.gif){#d30e1402}

This links a behavioural property (on small cycles, from some initial marking) and a structural one (on semiflows of the unmarked net). It also explains why, in a simultaneous synthesis problem, we have to consider the small cycles in all the given transition systems together.
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A New Criterion for the Choice-Free Simultaneous (and Individual) Synthesis {#Sec4}
===========================================================================

We shall now consider general paths in a transition system (see Appendix [A.1](#Sec8){ref-type="sec"}) in addition to the usual directed ones. Referring to the general form of a place $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar5}
-------

**Co-enabling along a general path:** In a choice-free net *N*, if $\documentclass[12pt]{minimal}
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Proof {#FPar6}
-----
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This may be interpreted as follows: if there is a general path $\documentclass[12pt]{minimal}
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If we do not know exactly *A*(*x*), we may use any over-approximation:
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Note that the satisfaction of the constraint on *a* in this property relies on the sign of $\documentclass[12pt]{minimal}
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Definition 1 {#FPar8}
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Proposition 2 {#FPar9}
-------------

In a simultaneous choice-free synthesis problem, if *x* belongs to the support of some $\documentclass[12pt]{minimal}
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Proof {#FPar10}
-----

If there is a solution *N*, from Theorem [2](#FPar4){ref-type="sec"}, $\documentclass[12pt]{minimal}
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The proposition then results from Corollary [1](#FPar7){ref-type="sec"}, where we may choose $\documentclass[12pt]{minimal}
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In this proposition, we used a special g-path from *s* to $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar11}
-------

If, in a simultaneous choice-free synthesis problem, conditions 1 to 5 are satisfied, for each g-cycle $\documentclass[12pt]{minimal}
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Proof {#FPar12}
-----

First, we may observe that each transition system $\documentclass[12pt]{minimal}
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Corollary 2 {#FPar13}
-----------
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This corollary immediately leads to the main result of the present paper, a new pre-synthesis condition that may be added to the five ones we already listed for the simultaneous or individual choice-free synthesis (we shall later see that this new condition is not implied by the other ones):**6 Co-enabling: For any**$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varUpsilon \in \mathcal G$$\end{document}$ **and***x* **in its support, for any**$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ TS _i$$\end{document}$ **and**$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s,s'\in S_i$$\end{document}$**,** **if**$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s[x\rangle $$\end{document}$ **and**$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\forall a\in T_0\,\cup \,T_x:(\varDelta _{s'}-\varDelta _s)(a)\ge (\varDelta _{s'}-\varDelta _s)(x)\cdot \varUpsilon (a)/\varUpsilon (x)$$\end{document}$**, then**$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s'[x\rangle $$\end{document}$**.**

Two special cases may then be distinguished, corresponding to the cases where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s'$$\end{document}$ occurs before or after *s*, i.e., that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s'[\sigma \rangle s$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s[\sigma \rangle s'$$\end{document}$ for a directed path $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ (but we may have both cases simultaneously):

Corollary 3 {#FPar15}
-----------
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-----
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From this result, we deduce the following criterion for non-choice-free-solvability.

Corollary 4 {#FPar17}
-----------

**Forward fractional reduction in a pre-synthesis:** Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ TS =(S,T,\rightarrow ,\imath )$$\end{document}$ be a deterministic and persistent labelled transition system, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\in [\imath \rangle $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in T$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma \in T^*$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in \mathbb {Q}_{>0}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varUpsilon $$\end{document}$ be any T-vector. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lnot s[t\rangle $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s[\sigma t\rangle $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi (\sigma )\le f\cdot \varUpsilon $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi (\sigma )(t) = f\cdot \varUpsilon (t)$$\end{document}$, then there is no choice-free solution of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ TS $$\end{document}$ with semiflow $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varUpsilon $$\end{document}$.

Applying these results, the two systems $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ TS _{10}, TS _{11}$$\end{document}$ in Fig. [9](#Fig9){ref-type="fig"} do not allow a simultaneous choice-free solution. Indeed, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ TS _{11}$$\end{document}$ determines a semiflow (3, 2), hence also a fractional semiflow (3/2, 1). With $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=\imath _1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma =ab$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=b$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varUpsilon =(3,2)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f=1/2$$\end{document}$, since we do not have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\imath _1[b\rangle $$\end{document}$, we may conclude there is no simultaneous choice-free-solution.

This is also true for the two systems $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ TS _{11}, TS _{12}$$\end{document}$: applying Corollary [3](#FPar15){ref-type="sec"} with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\imath _3[a\rangle s'$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=s'$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma =ab$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=b$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varUpsilon =(3,2)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f=1/2$$\end{document}$, since we do not have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s'[b\rangle $$\end{document}$, we may conclude there is no simultaneous choice-free-solution.

Since these two pairs of systems satisfy conditions 1 to 5, this also shows the independence of condition 6: this last condition is not implied by the other ones.Fig. 9.Three transition systems $\documentclass[12pt]{minimal}
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There is also the symmetric version of those last two Corollaries.

Corollary 5 {#FPar18}
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Proof {#FPar19}
-----
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Corollary 6 {#FPar20}
-----------

**Backward fractional reduction in a pre-synthesis:** Let $\documentclass[12pt]{minimal}
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Applying these results, we get that the two systems in Fig. [10](#Fig10){ref-type="fig"}, are not simultaneously choice-free-solvable either. Indeed, in $\documentclass[12pt]{minimal}
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But Still, Our Conditions Are Not Sufficient {#Sec5}
============================================

Now that we accumulated several structural properties of reachability graphs of bounded choice-free systems, and devised corresponding checks to be performed during the (simultaneous) pre-synthesis, we may wonder if they are sufficient to ascertain the existence of a solution, at least in some interesting subclasses of problems.

Since most of these properties concern the small cycles, they are of no help for acyclic transition systems. Let us then restrict our attention to a single ($\documentclass[12pt]{minimal}
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The first one, illustrated in Fig. [12](#Fig12){ref-type="fig"}, has already been used in \[[@CR3]\]. It has five labels and is remarkable by its small cycles, that all have the Parikh vector $\documentclass[12pt]{minimal}
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                \begin{document}$$f\cdot \varUpsilon (t)$$\end{document}$ must count the number of occurrences of *t* in some path). It has a (non-choice-free) Petri net solution, but not a choice-free one: the numerical construction of the proper synthesis phase (for instance with the use of the APT tool \[[@CR14]\]) finds an unsolvable ESSP problem.Fig. 12.A reversible *lts* with unitary small cycles, with a possible Petri net solution. It survives all the structural checks mentioned in this paper for the pre-synthesis phase, but does not have a choice-free solution.

The next transition system has four labels, and has a unique small cycle with Parikh vector (5, 3, 1, 1), hence has the form of a simple circle. Here too it has a non-choice-free solution, but no choice-free one (again found by APT). It is illustrated by Fig. [13](#Fig13){ref-type="fig"}.Fig. 13.$\documentclass[12pt]{minimal}
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Both counterexamples share the additional condition that they have a Petri net solution. We may then wonder what happens if we still reinforce this condition, in the following way. Let us assume that $\documentclass[12pt]{minimal}
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Concluding Remarks {#Sec6}
==================

We added a new structural criterion to the already long list of available necessary conditions for a labelled transition system to have a bounded choice-free solution. This allows to quickly rule out more inadequate (simultaneous) synthesis problems. However, we are still not in reach of a necessary and sufficient set of criteria fully characterising the state spaces of choice-free systems, in the style of the conditions developed for (bounded or unbounded) marked graphs and T-systems in \[[@CR2], [@CR4], [@CR5]\].

A Basic Definitions {#Sec7}
===================

A.1 Labelled Transition Systems {#Sec8}
-------------------------------

A labelled transition system with initial state, *lts* for short, is a quadruple $\documentclass[12pt]{minimal}
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A labelled transition system is PN-solvable if it is isomorphic to the reachability graph of a Petri net system (called the solution); it is CF-solvable if there is a choice-free solution.

A.3 Regions {#Sec10}
-----------

When linking transition systems and Petri nets, it is useful to introduce regions.
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Those that would not be familiar with the domain are referred to the Appendix and the Introduction sections.

A bit like in a "test and set" instruction, which allow multiprocessors to neatly manage their common memory resource.

It is known \[[@CR1]\] that in a finite deterministic and persistent transition system, loops are forward Parikh-equivalently transported (in the sense that, if there is a loop $\documentclass[12pt]{minimal}
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Note that enabledness refers only to outgoing edges and reachability refers only to directed paths, rather than to g-paths.

In this paper, whenever we speak of a path or a cycle, a directed path or cycle is meant.
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